Abstract. In this paper we de ne 2 -adic cyclotomic elements in K-theory and etale cohomology of the integers. We construct a comparison map which sends the 2 -adic elements in K-theory onto 2 -adic elements in cohomology. We also compute explicitly some of the product maps in K-theory of Z at the prime 2:
Introduction
The main purpose of this paper is to give a detailed account of the 2 -adic cyclotomic elements in the Ktheory of the ring of integers Z: The cyclotomic elements for odd primes were introduced to K-theory by Soul e in the eighties (cf. So2]). There exist quite a few applications of the cyclotomic elements for odd primes, for instance the proof of the Tamagawa number conjecture for the Riemann zeta function (see BK], p.383) and the computation of p-adic regulator maps in K -theory (cf. So3], HW]). On the other hand, to the best of our knowledge, the 2 -adic cyclotomic elements in K-theory and etale cohomology have not been discussed thoroughly in the published literature. There are some well known technical problems with the construction of 2 -adic cyclotomic elements. Namely: a) a number eld with at least one real imbedding has in nite 2 -adic cohomological dimension, b) there does not exist a well behaved Dwyer-Friedlander spectral sequence at the prime 2 for elds as in (a), c) there are problems with the product structure in K-theory with Z=2 k coe cients for k 3 , d) there does not exist a uniquely de ned Bott element in K-theory with Z=2 coe cients (cf. W1]). In this paper we managed to avoid the di culties (a)- (d) . Let us present the contents of the paper. In Sections 1 and 2 we de ne 2 -adic cyclotomic elements. Section 3 contains some explicit computation of 2 -adic cyclotomic elements in etale cohomology. The main result of this section is the following theorem.
Theorem A Th. 3.5] For any odd integer n , there is a natural isomorphism of Z2-modules The main result of Section 5 is the following. Theorem C Th. 5.10] Let n be an odd natural number. The group of 2 -adic cyclotomic elements C(n ? 1) in K-theory is sent via the third map of Theorem B. Finally in Section 6 we give applications of 2 -adic cyclotomic elements to compute products in 2 -adic K-theory of the integers.
Theorem D Th. 6.1] Assume that n and m are odd integers 3 .
(a) The product map ? : K 1 (Z) K 2m?1 (Z) ?! K 2m (Z) sends the subgroup h?1i hb m i to zero.
(b) The 2-adic product map ? : K 2n?1 (Z) K 2m?1 (Z) ?! K 2(n+m?1) (Z) Z2 sends the subgroup hb n i hb m i to zero. The element b n 2 K 2n?1 (Z) is such that it maps onto a generator of the group K 2n?1 (Z)=torsion. the 2 -adic K -groups of R (cf. So1] 
2 ; Z=2(n)) : For m k 2 , in a similar way to the proof of Lemma 2.1 we obtain the isomorphism where G m is the mulplicative group scheme on SpecR 0 k . The sequence of Galois modules induces a long exact sequence in etale cohomology, which gives the short exact sequence In addition, by triviality of the Galois action on Z=2(1) , we get the isomorphism and n is odd by assumption. Hence, we obtain that e 1 = e 2 . In a similar way we prove that e 2 = e 1 . It follows that both elements must be nontorsion. 
Relative etale K-theory and cohomology
Our next goal will be to compare 2 -adic cyclotomic elements in K-theory and etale cohomology. Because the 2 -adic cohomological dimension of elds with real embeddings is in nite, we need to introduce relative K-theory and cohomology. (b) We put K(W) and K(Z) for the Quillen K-theory spectra of W and Z: In the usual manner we de ne the relative K-theory spectrum K(Z; W; f) to be the homotopy ber of the map of spectra f : K(Z) ?! K(W): Whenever the map f is xed the ber will be denoted by K(Z; W): (c) We denote byK et ( K , respectively) the 0-th space of the Dwyer-Friedlander K-theory spectrum (the Quillen K-theory spectrum, resp.).
By de nition the relative etale K-theory groups (relative etale K-theory groups with Z=l k coe cients) are the homotopy groups (homotopy groups with Z=l k coe cients, respectively) of the relative etale K-theory space. We use the following notation Now we apply the results of Section 4 for l = 2 . We set the following notation: F is a number eld with r 1 real embeddings, O F is the ring of integers of F; Remark 5.3. The group Z=2 = h i; where denotes the complex conjugation acts on the space, K et (X;Ỹ ): We putK et (X;Ỹ ) hZ=2 to be the connected component of the base point of the homotopy xed points space Hom Z=2 (EZ=2;K et (X;Ỹ )) for this action. For the homotopy xed points space we have two strongly convergent spectral sequences BK]: Composing the above maps with the Dwyer-Friedlander map we get natural homomorphisms:
Proof. Since the argument for both maps is identical, we consider the case of nite co cients. We have the natural map We must prove that the upper square of the diagram commutes. The commutativity of the lowest square follows from the morphism of the BK] spectral sequences for the group Z=2 and for the trivial group. The de nition of the map from Theorem 5.5 gives the commutativity of the middle square. Note that the Theorem 6.1. Assume that n and m are odd integers 3 .
(a) The product map for some c 2 C 0 2 . Sending it further to K 2m (Z; Z=4) along the lower horizontal arrow and using the projection formula and associativity of the product for K -groups with Z=4 coe cients we nd out that its where the right vertical arrow is injective by assumptions. Now we argue in the same way as in the proof of (a) in Theorem 6. 
